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Gravitation: The Basic Models

Let me begin with spatial interaction models once
again and first define key terms. We are going to
divide our spatial systems into small zones like Census
Tracts which can either be called origins or
destinations.

Origins are notated using the subscript 1 and
destinations the subscript J. Now the original gravity
model can be stated as

oy

d? d?

where we define T;, P, P;,d;,and K as trips, populations,
distance squared and a scaling constant

T, ~




In fact we can generalise the model first by noting
that distance is like in the von Thunen model a
measure of generalised travel cost ¢; and the
populations are defined as measures of mass or
activity as origin and destination activities O, , D,
Then
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Where p isthe so-called friction of distance
parameter controlling the effect of generalised travel
cost. When g islarge, the effect of distance is great
and when it is small it is much less. This gives more
traipse when it is small than when it is big.




In all our models, we need to estimate these
parameters and this is the process of calibration. We
need to choose K and g so that the predicted trips
T; are as close as possible to the observed trips Ti,-OIOS

We can do this in this simplest of models by fitting a
linear regression to the logarithmic version of the
model and when we take logs we get

T.
log—— =logK — Blogc.
g 0,D, gK -/logc;
We find the parameters by minimising the sum of the
squares (squared deviations) between the predicted

and observed trips, thatis min® =min» (T, —T,)°
j




Potential and Accessibility

In the 1940, the astronomer John Stewart suggested
that a measure of potential could be produced from
the gravity model that was an overall measure of the
force of an object on all others. He defined this from
the basic GM equation as potential V;, or potential
per capita Vv,

P
Vi :ZTij - P.Zd_Jg
] |

V, <P
V. ~ L = 3
TR

This Is essentially accessibility or nearness and it was
first used as the basis for a simple urban model by




Walter Hanson in the late 1950s in a paper called
“How Accessibility Shapes Land Use”. There he said
that the residential development in a place was a
simple function of accessiblility i.e.
Vi Pj

AR
In fact if total residential development is R, then the
equation can be written as

~ _p (Vi/P)

- 2 MIR)

And this ig our first operational land use model, the
simplest

Walter G. Hansen, W. G. (1959) How Accessibility Shapes Land Use, Journal of the American
Institute of Planners, Volume 25, Pages 73-76 http://dx.doi.org/10.1080/01944365908978307




The original gravity model has been used for years but
INn the 1960s and 1970s various researchers cast it in a
wider framework — deriving the model by setting up a
series of constraints on its form which showed how it
might be solved generating consistent models.

The constraints logic led to consistent accounting The
generative logic lead to analogies between utility
and entropy maximising and opened a door that has
not been much exploited to date between entropy,
energy, urban form physical morphology and
economic structure. In particular the economic logic
Is called choice theory, specifically discrete choice
theory




The key idea is to introduce constraints on the form
that the model can take, and these relate to
specifying what the model is able to predict. The
more constraints we introduce on the model, the
more we reduce the model’s predictive power, but
the idea of constraints also relates to what we know
about the system in comparison with what we want
to predict.

The idea of a framework for consistent generation of
a model is that we can then handle the constraints
systematically as we will now show.




Trip Distribution: Constraints on Volume &
Location

We must move quite quickly now so let me introduce
the basic constraints on spatial interaction and then
state various models

The constraints are usually specified as origin
constraints and destination constraints as

O, =>T,
j
D;=2T,
And we can take our basic gravity model and make it

subject to either or both of these constraints or not at
all




So what we get are four possible models

Unconstrained T; = KO,Dc;”

Singly (Origin) Constrained T; = AO,D,c;”
so that the volume of trips at the origins is conserved

Singly (Destination) Constrained T; =B,0,D,c;”

so that the volume of trips at the destinations is
conserved

Doubly Constrained T, =AB,0D,c.”

trip volumes at origins + destinations are conserved

The first three are location models, the last is the
transportation model




Now the simplest way to work out what the constants
mean is to note the constraints equations and then
add and factor the model subject to the constraints.
Let us begin with the simplest gravity model which is

T, = KO,D,c;”
Then as K pertains to the whole system if we add this
model up over i and | we can factor our K as

ZTU = KZOichi}f” =T and then
K = T/ZO D.c;” and the model becomes

ODc

T -
ZODcﬂ




Now the singly constrained - origin and then
destination and the doubly constrained models follow
directly and we will simply state there full forms noting

that we need to find

D.c;”
. _ﬂ . - o= -
(1) T,=A0Dc;” = Z = c origin - constrained
oc.”
(2) T,=B,0Dc;” = 1 destination constrained

‘Z.u

T—ABODC
3) A =1/Z Bijcijﬂ origin - destination constrained

B, =1/ AOc;”




Entropy-Maximising and Related Measures

Now we have only dealt with constraints through consistent
accounting - we now need to deal with generative methods
that lead to the same sort of accounting- entropy maximising,
information minimising, utility maximising and random utility
maximising, and also various forms of nonlinear optimisation — in
fact all these methods may be seen as a kind of optimisation of
an objective function — entropy utility and so on - subject to
constraints.

In essence what we do is define a function to optimise which is
some measure of the variation in the model and we then
optimise it using calculus subject to some basic constraints of
the kind that we have been using

First we define entropy as Shannon information and we convert
all our equations and constraints to probabilities.




T. T

_ i
TR
]

Shannon entropy is a measure of spread or compactness in
spatial systems

H = _ZZ pij Iog pij
i

We maximise this entropy subject to origin and destination
constraints or some combination of these but noting now that
we need another constraint on travel cost which is equivalent
to energy so that we can derive a model

ZZ PiCy = C
i ]




We thus set up the problem as

max H = —ZZ p; log p;
subject to -

; p; = P,

Z p; = P

ZZJ: PiCij = C

But note that the probabilities always add to 1, that is
2.2 P =2 p=2.p =1
[ J [ J

From this we get the Boltzmann-Gibbs distribution for the
probabillities
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By setting up a Lagrangian which is the method of
maximisation, then we get

Now we can generate any model in the family of four models —
unconstrained, singly-constrained (origin or destination) and
doubly constrained by setting the redundant constraint
parameters equal to zero and simplifying the model

To derive a residential location model which is origin
constrained — we know the information at the origin but want to
predict the flows to the destination and add up these flows to

predict activity at the destination, we




We thus set up the problem as

(- max H = _ZZ p; log p;
i
subject to

Z Pij = P
j

ZZ P;;C = C [Py = exp(=4, _ﬂ’cij)
\ . or

exp(—Ac; )
< T; =Tp; = A0, exp(-Ac;) =0,

And we get | ZeXp(—ﬂCij)
j

where

| Dy=2.T;
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Several things to note:

There is no attractor value at the destination - we would need
to put this in as a constraint — i.e. a piece of information to be
Incorporated by the model

This is a location model — we predict activity at the destination —
In the case of a model that predicts how many people working
In zone 1 O, live in zone |, this is D’; where the prime ° is the
notation for predicted

Now let us put this model back into the entropy equation and

see what we get - let us put the model back in in its
exponential form

Pij = eXp(_ﬁvi - ﬁ“cij)




Then what we get s

H = _Z Z B Iog P; = _ZZ P (_/Ii _ﬂ’cij)
i ] I J
=> pi4 +AC = > p;log) exp(-Ac;)/ p, +AC
i i j

What we need to note is that entropy is partitioned into a fixed
energy and free energy — the fixed is the second term and the
free is the first — a series of weighted log-sums and it is often
thought of a kind of accessibility.

In this case it is the sum of accessibilities, one for each origin
zone. It has strong relations to utility in the random utility
maximising version of this kind of model which is central to
discrete choice theory




Residential Location, Modal Split

Let me illustrate in two ways how we can build models using this
framework

If we say that residential location depends on not only travel
cost but also on money available for housing we argue as
before that

The model is singly constrained — we know where people work
and we want to find out where they live - so origins are
workplaces and destinations are housing areas

The model then lets us predict people in housing

We argue that people will trade-off money for housing against
transport cost

And we then set up the model as follows




This time using not the probabillity form but the trip activity-
volume form, we get

> T, =0
j
ZZT”C” =C
i
2, 2. TR =R
i j
leads to
T; = AG, eXp(‘gRj)eXp(_ﬂ“Cij)

Note that we now add a constraint on money available for
housing (like rent) R. We can of course find out from this
location model how many people live in destination housing
zones, so again it is a distribution as well as a location model




We can extend this model in lots of ways and we will show
some of these later. We also can think about disaggregating
the model into different transport modes - let us call each

mode k and then set up the model so that we can predict T
as follows

The model is singly (origin) constrained because we want to
predicts how many people travel from work to home. Given we
know how many people work at origins, and we want to
predict what mode of transport k they travel on. Then

ZZTUK =0
ZJ:ZZTUK F=F
Z;Tijkck




And the model can be specified as

' -0 F, exp(-A‘c;) F, exp(-A‘c;)

! ZZF exp(— /1kc ) YF Yexp( /Ikc

i

Note that the mode split is a ratio of the competitive effects of
each travel cost, that is

Ti  exp(-A'cj)

T.K exp(—%c )

J

In short the model is not only distributing trips so that locations
compete but also that modes compete BUT modes do not
compete per se with locations

Now let us see how we can build this model for real




The London Tyndall Model: Applications

| already introduced the model last time as an example of an
integrated model - with several components — the one we will
dwell on here is the residential location model which is
essentially a version of the singly constrained model that we
have been outlining. Here is the block diagram of the model
stages to remind you of what it is

MoSeS _l

R Global Climate
UK [-O Model Models
—> LUTM Pop Site Model
Emissions /|—' Flood Models [« Local Climate
Modelling
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Essentially we have built this model for Greater London which is
divided into 633 zones — the area has 7.7m population and
about 4.3m jobs — we have four modes - road (car), heavy rall,
light rail and tube, and bus — walk/bike is a residual mode.

To fix ideas let me show the extent of the area first

7 M |k Riap Wi ddews dabei il Laplares

et

feOon<-ODiER =
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Splash Screen - for the desktop version

w | ondon and the Thames Gateway Land Use Transportation Model

et g ~ Cities Research Programme

‘Centre

for Climate Change Research

This pragram is a rudimentary land-use transportation modsl
bt along classical lines which allocates population and
employment to small zones of the urban system. 1T Uses
spatial interaction principles which bind the population sector
{residential or housing) to employment sector (wark or
industrial and commercial) through the journey to work (wark
trips) and the demand from services {which loosely translate
into trips made to the retail and commercial sector).

The model is being built for Greater London and the Thames
Gateway at ward level - 633 in all - so that it can be used in a
wider process of integrated assessment focussed on
assessing the impact of dimate change on small areas in this
retropalitan region. In particular rises in sea level and
pollution are key issues. and as such the model sits between
agqgregate assessments of environmental changes
associated with glabal and regional climate change models
and environmental input output models, and much mare
disaggregate maodels related ta the detailed hydrological
implication of long term climate change.

The programme enables the user 1o read in the data and
explore it spatially, to calibrate the parameters of the model
and explore its autputs spatially and to engage in various
predictions ranging from the typical' business as usual
scenarios' o much maore radical changes posed limits an
spatial behayviour which either result from climate change and,
or mandated by government. The predictions and scenarios
are intended to go out 1o 2100 and thus the model is largely
designed as a sketch planning toal.

These various stages of the model contained in a master tool
barwhich is activated when the GOl button is pressed on this
screen. The master tool bar enables the users to proceed

through the various stages indicated and to display outputs in

rnap and statistical form at any stage.

with GLAECONOMICS

LONDON | ¢
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B Master Tool Bar

Explore Data »>

Calibration > ‘

Quit

5. Reading in Data

| = | & |tz |

Physical Line and Area Data

0] Zone -

|Zone Area ﬂ

Travel Data

[Mean Trip Length 22.40

Displaying the Physical Map

Population. Employment and Floorspace Data

Zones: 633 Wards in 2001

B33
£33
ok |8 _~||e6a62.9 -]
E | -
ok E 10217 -]
|
10
Ok 11 Floorspace Data ﬂ
12
13 i
] |Z-:ne& j #-Centraoid [l
"r-Centroid hd
k. |F'0I_I,Jg0n ﬂlX-Coordinate ﬂ
|Y-I:00rdinate ﬂ
Ok |Zone itoj ﬂ|ﬂbserved Trips j
Ok |Zone itoj ﬂ|Distance-Eost ﬂ
Clcklo edothe) [EIEEREN
P You Wish to
Close This
Interface

3

ﬂ |Heathmw Yilages

Locate Zone

Clear Zone Modes

= | |Hilingdon

Lectures on Urban Modelling




Explore Diata >

Calibration »» ‘

{General)

Dim idzone

Private Suld
Dim ZZ Lz o
Title = '"Air
OldFile = T
Open OldFil
n o= 633

{General}

m| Reading in Data

HH

ﬂ|EI‘nD|D_',JITIEnt [ata

Wl =

|Zone

L“F'Dpulation [ata

L
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N

| 0K [zone
ok
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|Zone

LJ | Floorspace Data
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[i]8 Zohe -
lZone Lrea x| T

|Zones =] [-Centroid a
|Y-Eentroid hd
|F'0Iygon ﬂ |><-Eoordinate i
JY-CDDrdinate fiosi |

Dim ModelR

Priwvate Suly
Dim A (1000)
Dim TTPred|

16.67022
93.76652
31.98717
57.97032

Modes
Road

Bus
Heavy Rail
Light Rall
All Trips

i o | jlﬂbsewed Trips

Zones: 633 Wards in 2001

i b | ﬂlDistance-Cost

o the

Click Here If
o Yish to
Close This
Irterface

|6 | |Heathrow Viuaa\s v | |Hillingdon

Locate Zone ‘

Clear Zone Modes ‘

|Data Imput Haz Been Completed

ject1 {ProjectZ.¥bp)
Forms

B3 Formi (Farmi.fem)

B3 Formio (Formio.Fer
B3 Formit (Formit.Fer
B3 Formiz (Farmiz.Ferr
B3 Formiz (Formi3.Fer
B3 Formi4 (Formi4.Fer
B Formis (Formis. e
B Formie (Formie.Fere
B Formi? (Formi7. e
B Formis (Formis.fere
B Formig (Formig.Ffrre
B Farmz (Formz. frm)

B Formzo (Formz0. Frre
B Formz1 (Formz1.Fre
B Formzz (Formzz. Frre
B Formz3 (Formz3.frre
B Formz4 (Formz4.frre
B Formzs (Formzs. frre
B4 Formzs (Form2é. friv
B Forme? (Form27 . fri
B Form3 (Form3.frm)

B Formd (Formd, frm)

B Forms (Forms. frm)

B Formé (Formé. frm)

B Form? (Form?.frm)

B Form@ (Forma. frm)

B Form? (Form@.frm)

Maodules

+g slart

CEHElECCOCE

€ | 3 paink shop Pro

r;, Prajeckl - Mic... f’-i. Master Tool Bar
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Road: 38%; Bus: 12%: Heavy Rail: 12%: Light Rail 19%; Other (Walk, Bike, Fly): 19%




Calibration > ‘

:.' start

5. Accessibility Indicators

EmpPop

|Dumrn_l,J L] |Fload

Origin Access Dest Access

|Desl Acceszibility ﬂ

Zones: 633 Wards in 2001

|Zone ﬂ |Ward j |Bor0ugh LJ

Locate Zone

Clear Zone Modes

|Data Input Haz Been Completed

Sl BErevoe

|r"'r'i Mas.., ri Rea.., rrli Diata . W ACC, l BoellBt

Project2.vbp)
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(Formz3.Frm)
(Formz4.Frrm)
(Formz5.Frm)
(Formz6.Frrm)
(Formz7.Frm}
(Formza.Frm)
Form3,frm)
Form4.frrm)
Forms, frm)
Formé, frrm)
Form?.frm)
Forma, frrm)
Form3.frm)

1 {Modulel . bas)
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o o
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Accessibility from the LUTM model
Many different accessibility
measures, 8 in all

(<-Halp: Acoessilililies Defined

Accessibility measures are computed with respect to the origin zone i
which in this case 1z where the employment & is located, or the destination

zone j which in this case 15 where the population PJ 15 located. 4; is the
area and hence { &/ .4) and (Pj-fﬂj) are densities. Cy iz the travel cost

from origin zone i to destination zens 7. O is the mean travel cost with all

these cost specific to each of the four modes. We show all theze accessibility
measures for the origin § zone.

Absolute Potential D otential Derisity
-1 4
Vi= 3, B V=3, Byl Ay
Benefit Density
Absohite Benefit - B(;niﬂf;mﬂ B
o = . - e —
Vi=2.; 5 emplcy IC) p =2 1 Ay explcy

These benefits are proportional to the log sum benefits which are the log of these

{Tnverse) (Inwverse)
Absolute Travel Cost Wewghted Absolute Travel Cost
-1 -1
» H=(ZJ,-C;]:' V:'=(EJ-P}'C'3')
{Tnverse) Weighted Population
Abgolute Travel Cost Density within Mean Travel Cost
Fi= ZJ. (PJ.- fAJ- )c:l-i.- Fi= ZJ. PJ- Jorall cp =C
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Master Tool Bar

£
| . Predict E ;

Input
Scenario
Data

Scenario from File

¢ Employment
Changes

Flm

Run
Scenario
Model

More
Scenario
Runs ...

74 start

w Prediction Routines

Predictions with the model involve forecasting the location of small area
populations and the trip patterns associated with the four modes used to
distribute employment as population to these small (residential) areas. This
involves changing the input wariables - employment and residential floorspace
by small area, and the travel costs associated with each mode of transpon,
which in turn imply changes to the transport infrastructure. The user also has
control over the parameter values on the friction of Trawvel Costortravel cost
associated with each mode. This can be changed inwvalue to reflect changes in
the average Trawvel Costor costtrawelled on each mode.

Users hawe a choice of inputting & preset scenario in which all these variables
are changed exogenously or a process of changing these variahles
interactively, on screen. The interactive process can involve many thousands
of changes and is probably best used to input data which reflects 'what-if
scenatios which require a small number of rather simple changes in the inputs
reflecting substantial or radical change.

By clicking the 'Scenario from File' buttan in the toolbar to the left, & preset
scenario is loaded and the user is then taken to the pointwhere the model must
ke run. Alternatively if the user clicks the Employment Changes button, the user
activates a screen where each employment zone can be identified by pointing
the mouse atitand clicking, Then the user can use a slider barto increase the
walue of employment in that zone by up to 100 percent or decrease it by up to
100 percent. As many zones as required can be changed using this method.
Wyhen the user is satisfied with the employment scenario which has been
developed, a button accepting these changes can be clicked. The same can
then be done for floorspace activated by clicking the relewvant button from the
toolbar to the left.

Long Term Scenarios Based on the Impact of Changes in Employment. Residential Floorspace, and Transport Costs

Finally the travvel cost on any link by any mode from one zone to another can be
changed using the same method. An arigin and then a destination zone need to
b clicked and then reduced or increased travel cost (by up to 100 percent)
made using the slider bar. The user must choose the mode each time and the
program then recomputes all the shotest routes implied by these changes
once the changes are accepted,

The userthen proceeds to run the model as for the 'Scenario from File!
option and once this is done, the outputs can be visualized using the
same system for exploring the data and calibration results.

Key Elements of the

London Plan to 2025 Shown Below.

Lectures on Urban Modelling

S5 P W Fr.. - Pr.

e T aser e o e
s amll el SR 6 Ul

Project2.vbp)

Forml.frrm)
(Form10.Frm}
(Form1l.Frrm)
{Form1Z.Frm}
(Form13.Frrm)
(Form14.Frm)
(Form15.Frrm)
(Form16.Frm}
(Form17.Frm)
(Form18.Frm)
(Form19.Frrm)
Formz.frm)
(Formz0.Frrm)
(Formz1.Frm}
(Formzz.Frrm)
(Formz3.Frm)
(Formz4.Frrm)
{Formz5.Frm)
(Formz6.Frrm)
(Formz7.Frm)
(Formza.Frrm)
Form3, frm)
Form4.frrm)
Forms, frm)
Formé, frrm)
Form?.frm)
Forma. frrm)
Form3.frm)

1 {Modulel . bas)




=)

Lectures on Urban Modelling

54 Predict |£| [ B4 Prediction Routines
Input Interactive Input of Changes to Click Button to
Scenario Employment-Origin Zone Data Accept Changes Click
Data _ Here
Paoint vour Mouse at the Zone You
Scenario from File “Wish to Change and Click.
Use Slider to Input Percentage
Employrent Change for Zone 6 6
Changes
JZDI"IB by Borough Mame ﬂ

gun . 1Dbserved Emplayrnent j

oLl 1Scenali0 Employment L]
Model

0ld Emplayment in B is BE962
" Mew Employment iz 173925
More
Scenario
Buns ...
Updated Employment So Far
=




By Predict 2% |

Input
Scenario
Data

Scenarnio fram File

Diztance
Changes

Run
Scenario
Model

More
Scenario
Runs ...

B Prediction Routines

= | ] o |

Interactive Input of Changes to

Link, vou Wish to Change and Click

Use Slider to Input Percentage
Change for Zone 610 219

=

JRN

Old Distance from & bo 2191z 35
i New Distance is 7

Origin-Destination Crow-Fly Distances

Point rour Mouse at the Two Zones Whose

Click Button to
Accept Changes Click
Here

|Zone i toZone | LI
Observed Distance d
-

Scenario Distance

Updated Distances So Far

Let us run the model... | need to go to my folder...>>
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Transportation Modelling: The Four Stage
Process

| should make a brief point about transport modelling — we
have included transport and location together here but
traditionally the transport model is based on a four stage
process that involves generation, distribution, modal split and
assignment

The other issue is that in the standard transport modelling
process, once trips are assigned to the network, then one
can assess whether the network can take the load - this is
matching travel demand against supply and if not then the
model is iterated to match demand to supply. This is another
generic issue in urban modelling - demand and supply and
the way the market resolves this.




Feedback

-+ Trip Generation

—  Traffic Assignment

Trip Distribution ‘ »Land Use Data
* Travel Generation Factors
4 * Friction of Distance Factors

. » Calibration Factors
Modal Spll‘t * Transportation Networks

l

MODELLING g%
Tlﬂf}NSPURT

=] Juan de Dios Ortuzar, Luis G.
Willumsen 2011 Modelling
Transport, 4th Edition, Wiley, New
York
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Next Time: Modular Modelling: Coupled
Spatial Interaction

Now we have a module for one kind of interaction — consider
stringing these together as more than one kind of spatial
iInteraction

Classically we might model flows from home to work and home
to shop but there are many more and in this sense, we can
use these as building blocks for wider models. This is for next
time too

What we will do is illustrate how we might build such a structure
taking a journey to work model from Employment to
Population and then to Shopping
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